We reconstruct an explicit model of modified gravity in which a crossing of the phantom divide can be realized. It is shown that the (finite-time) Big Rip singularity appears in the model of modified gravity (i.e., in the so-called Jordan frame), whereas that in the corresponding scalar field theory obtained through the conformal transformation (i.e., in the so-called Einstein frame) the singularity becomes the infinite-time one. Furthermore, we investigate the relations between the scalar field theories with realizing a crossing of the phantom divide and the corresponding modified gravitational theories by using the inverse conformal transformation. It is demonstrated that the scalar field theories describing the non-phantom phase (phantom one with the Big Rip) can be represented as the theories of real (complex) F (R) gravity through the inverse (complex) conformal transformation. We also study a viable model of modified gravity in which the transition from the de Sitter universe to the phantom phase can occur. In addition, we explore the stability for the obtained solutions of the crossing of the phantom divide under a quantum correction coming from conformal anomaly.
I. INTRODUCTION
It is observationally confirmed that the current expansion of the universe is accelerating [1, 2, 3] . Various scenarios to explain the current accelerated expansion of the universe have been proposed. The mechanism, however, is not well understood yet (for recent reviews, see [4, 5, 6, 7, 8] ).
There are two approaches to account for the current accelerated expansion of the universe.
One is to introduce some unknown matter, which is called "dark energy" in the framework of general relativity. The other is to modify the gravitational theory, e.g., in simplest case to study the action described by an arbitrary function of the scalar curvature R, which is called "F (R) gravity". Here, F (R) is an arbitrary function of the scalar curvature R (for reviews, see [7, 8] ).
According to the recent various observational data including the Type Ia supernovae Gold dataset [9] , there exists the possibility that the effective equation of state (EoS) parameter, which is the ratio of the effective pressure of the universe to the effective energy density of it, evolves from larger than −1 (non-phantom phase) to less than −1 (phantom one, in which superacceleration is realized; e.g., see [10] ), namely, crosses −1 (the phantom divide) currently or in near future.
A number of attempts to realize the crossing of the phantom divide have been made in the framework of general relativity: For instance, scalar-tensor theories with the nonminimal gravitational coupling between a scalar field and the scalar curvature [11] or that between a scalar field and the Gauss-Bonnet term [12] , one scalar field model with nonlinear kinetic terms [13] or a non-linear higher-derivative one [14] , phantom coupled to dark matter with an appropriate coupling [15] , the thermodynamical inhomogeneous dark energy model [16] , multiple kinetic k-essence [17] , multi-field models (two scalar fields model [18, 19, 20] , "quintom" consisting of phantom and canonical scalar fields [21] ), and the description of those models through the Parameterized Post-Friedmann approach [22] , or a classical Dirac field [23] or string-inspired models [24] , non-local gravity [25, 26] , a model in loop quantum cosmology [27] and a general consideration of the crossing of the phantom divide [28, 29, 30] (for a detailed review, see [6] ). In fact, however, explicit models of modified gravity realizing the crossing of the phantom divide have hardly been investigated, although there were suggestive and interesting related works [7, 31, 32] .
In the present paper, we study a crossing of the phantom divide in modified gravity. We reconstruct an explicit model of modified gravity in which a crossing of the phantom divide can be realized by using the reconstruction method proposed in Ref. [33] . Furthermore, we investigate the corresponding scalar field theory, in which there exist the Einstein-Hilbert action and a scalar field, obtained through a conformal transformation of the modified gravitational theory, and compare the evolution of the universe in the modified gravitational theory with that in the corresponding scalar field theory. It is shown that the (finite-time)
Big Rip singularity [34, 35] appears in the reconstructed model of modified gravity (i.e., in the so-called Jordan frame), whereas that in the corresponding scalar field theory obtained through the conformal transformation (i.e., in the so-called Einstein frame) the singularity becomes the infinite-time one. Moreover, we consider the relations between the scalar field theories with realizing a crossing of the phantom divide and the corresponding theories of modified gravity by using the inverse conformal transformation of scalar field theories. It is demonstrated that the scalar field theories describing the non-phantom phase (phantom one with the Big Rip singularity) can be represented as the theories of real (complex) F (R) gravity through the inverse (complex) conformal transformation. On the other hand, a very realistic model of modified gravity that evades solar-system tests and realizes a viable cosmic expansion in the past has recently been proposed in Ref. [36] (for some related models, see [37, 38] ). In this model, our universe is asymptotically de Sitter space. Therefore, we also reconstruct a model of modified gravity in which the transition from the de Sitter universe to the phantom phase can occur in such a viable theory. In addition, we explore the stability for the obtained solutions of the crossing of the phantom divide under a quantum correction, in particular conformal anomaly.
Our goal in this paper is to show that in principle the crossing of the phantom divide can be realized in the framework of modified gravity without introducing any extra scalar components with the wrong kinetic sign (phantom). We reconstruct such an explicit model of modified gravity. By presenting it, it can be illustrated that the crossing of the phantom divide can occur in modified gravity as the scalar field theories in the framework of general relativity. The demonstration in this work can be interpreted as a meaningful step to construct a more realistic model of modified gravity, which could correctly describe the expansion history of the universe. This paper is organized as follows. In Sec. II we explain the reconstruction method of modified gravity proposed in Ref. [33] . Using this method, we reconstruct an explicit model of modified gravity in which a crossing of the phantom divide can be realized. In particular, we show that the Big Rip singularity appears in this modified gravitational theory. In Sec. III we consider the corresponding scalar field theory, which is obtained by making the conformal transformation of the modified gravitational theory with realizing a crossing of the phantom divide. We demonstrate that the Big Rip singularity does not appear in the corresponding scalar field theory. In Sec. IV we investigate the relations between scalar field theories and the corresponding modified gravitational ones. In Sec. V we study the viable model of modified gravity in which the transition from the de Sitter universe to the phantom phase can occur.
In Sec. VI, we examine the stability for the obtained solutions of the phantom crossing under a quantum correction coming from conformal anomaly. Finally, some summaries and outlooks are given in Sec. VII. Detailed derivations and explanations about each section are shown in Appendixes A-F. We use units in which k B = c = = 1 and denote the gravitational constant 8πG by κ 2 , so that
is the Planck mass.
II. RECONSTRUCTION OF MODIFIED GRAVITY
We investigate modified gravity with realizing a crossing of the phantom divide by using the reconstruction method. (The equivalence between F (R) gravity and the scalar tensor theory was explicitly shown in Ref. [39] . The limited case was given in Ref. [40] .)
A. Reconstruction method
First, we briefly review the reconstruction method of modified gravity proposed in Ref. [33] .
The action of F (R) gravity with general matter is given by 1) where g is the determinant of the metric tensor g µν and L matter is the matter Lagrangian.
The action (2.1) can be rewritten to the following form by using proper functions P (φ) and Q(φ) of a scalar field φ:
The scalar field φ may be regarded as an auxiliary scalar field because φ has no kinetic term.
It follows from the action (2.1) that the equation of motion of φ is given by 3) which may be solved with respect to φ as φ = φ(R). Substituting φ = φ(R) into the action (2.2), we find that the expression of F (R) in the action of F (R) gravity in Eq. (2.1) is given by
From the action (2.2), we find that the field equation of modified gravity is given by
where ∇ µ is the covariant derivative operator associated with g µν , ≡ g µν ∇ µ ∇ ν is the covariant d'Alembertian for a scalar field, and T (matter) µν is the contribution to the matter energy-momentum tensor.
We assume the flat Friedmann-Robertson-Walker (FRW) space-time with the metric, 6) where a(t) is the scale factor.
In this background, the (µ, ν) = (0, 0) component and the trace part of the (µ, ν) = (i, j) component of Eq. (2.5) , where i and j run from 1 to 3, read 8) respectively, where H =ȧ/a is the Hubble parameter and a dot denotes a time derivative, = ∂/∂t. Here, ρ and p are the sum of the energy density and pressure of matters with a constant EoS parameter w i , respectively, where i denotes some component of the matters.
Eliminating Q(φ) from Eqs. (2.7) and (2.8), we obtain
We note that the scalar field φ may be taken as φ = t because φ can be redefined properly.
We now consider that a(t) is described as 10) whereā is a constant andg(t) is a proper function. In this case, Eq. (2.9) is reduced to 11) whereρ i is a constant and we have used H = dg(φ)/ (dφ). Moreover, it follows from Eq. (2.7) that Q(φ) is given by
Hence, if we obtain the solution of Eq. (2.11) with respect to P (φ), then we can find Q(φ).
In Appendix A, some points on the reconstruction method are noted.
We mention that the convenient reconstruction for scalar field theories could be given in Refs. [41, 42] (for a recent review, see [43] ). Furthermore, the reconstruction in the scalar-Einstein-Gauss-Bonnet theories was considered in Ref. [44] .
B. Explicit model with realizing a crossing of the phantom divide
Next, using the reconstruction method explained in the preceding subsection, we reconstruct an explicit model in which a crossing of the phantom divide can be realized.
A solution of Eq. (2.11) without matter can be given by
13)
14)
15) 16) where γ and C are positive constants, t 0 is the present time, andp ± are arbitrary constants.
The derivation of this solution is shown in Appendix B.
From Eq. (2.14), we find thatg(φ) diverges at finite φ when 17) which tells that there could be the Big Rip singularity at t = t s [34, 35] . (Other kinds of finite-time future singularities have been studied in Ref. [45] .) One only needs to consider the period 0 < t < t s becauseg(φ) should be real number. Eq. (2.14) also gives the following Hubble rate H(t): 18) where it is taken φ = t.
In the FRW background (2.6), even for modified gravity described by the action (2.1), the effective energy-density and pressure of the universe are given by ρ eff = 3H 2 /κ 2 and 20) where 
This behavior is identical with that in the Einstein gravity with matter whose EoS parameter is greater than −1.
On the other hand, when t → t s , we find (2.25) In this case, the scale factor is given by a(t) ∼ā (t s − t)
namely, the Big Rip singularity appears. In this limit, the effective EoS parameter is given by
This behavior is identical with the case in which there is a phantom matter with its EoS parameter being smaller than −1. Thus, we have obtained an explicit model showing a crossing of the phantom divide.
It follows from Eq. (2.19) that the effective EoS parameter w eff becomes −1 whenḢ = 0.
Solving w eff = −1 with respect to t by using Eq. (2.20) , namely, U(t) = 0, we find that the effective EoS parameter crosses the phantom divide at t = t c given by
(2.27) From Eq. (2.21), we see that when t < t c , U(t) > 0 because γ > 0. Moreover, the time derivative of U(t) is given by
Eq. (2.28) tells that the relation dU(t)/ (dt) < 0 is always satisfied because we only consider the period 0 < t < t s as mentioned above. This means that U(t) decreases monotonously.
Thus, the value of U(t) evolves from positive to negative. From Eq. (2.20) , we see that the value of w eff crosses −1. Once the universe enters the phantom phase, it stays in this phase, namely, the value of w eff remains less than −1, and finally the Big Rip singularity appears because U(t) decreases monotonically. Note that other types of the finite-time future singularities in modified gravity are possible as demonstrated in Ref. [46] .
It follows from Eqs. (2.13), (2.14), (2.15) and (2.17) that P (t) is given by
Using Eqs. (2.12) and (2.29), one gets
If we can solve Eq. (2.22) with respect to t as t = t(R), in principle we can obtain the form of F (R) by using this solution and Eqs. To examine the analytic form of F (R) for the general case, we investigate the behavior of F (R) in the limits t → 0 and t → t s . When t → 0, from Eq. (2.23) we find
In this limit, it follows from Eqs. (2.4), (2.23) , (2.29) , (2.30) and (2.31) that the form of 
On the other hand, when t → t s , from Eq. (2.25) we obtain
In this limit, it follows from Eqs. (2.4), (2.25) , (2.29) , (2.30) and (2.33) that the form of
The above modified gravity may be considered as some approximated form of more realistic viable theory. For large R, namely, t 2 s R ≫ 1, the expression of F (R) in (2.34) can be approximately written as
III. CORRESPONDING SCALAR FIELD THEORY
In this section, motivated by the discussion in Ref. [47] , we consider the corresponding scalar field theory to modified gravity with realizing a crossing of the phantom divide, which is obtained by making the conformal transformation of the modified gravitational theory.
By introducing two scalar fields ζ and ξ, we can rewrite the action (2.1) to the following form [7] :
This is the action in the Jordan-frame, in which there exists a non-minimal coupling between ξ and the scalar curvature R. The form in Eq. (3.1) is reduced to the original one in Eq. (2.1) by using the equation ζ = R, which is the equation of motion of one auxiliary field ξ.
We make the following conformal transformation:
where
Here, σ is a scalar field and a hat denotes quantities in the Einstein frame, in which the non-minimal coupling between ξ and R in the action (3.1) disappears.
By defining ϕ as ϕ ≡ 3/2σ/κ, we obtain the following canonical scalar field theory:
The detailed derivation of the action (3.4) is given in Appendix C.
We now investigate the case in which F (R) is given by 5) where c 1 is a dimensionless constant and M denotes a mass scale. The form of F (R) in Eq. (2.35) corresponds to the one in Eq. (3.5) with n = −7/2. It may seem that such a model may have problems in the description of the past universe evolution. However, there is the trick to make its past evolution consistent with observations described in Ref. [33] .
It uses the introduction of compensating dark energy dominated at intermediate universe which disappears effectively at current universe. Our primary purpose in this work is current universe admitting the phantom divide crossing in modified gravity, so we will not discuss the past evolution of the model under discussion. In this case, the scale factor a(t) and the scalar curvature R are given by [47] 6) and
respectively. From Eqs. (3.2) and (3.3), we find
where we have used Eq. (3.7). It follow from Eq. (3.9) that the relation between the cosmic time in the Einstein framet and that in the Jordan frame is given bŷ
If n < −2, the limit of t → t s corresponds to that oft → ∓∞. For the case of Eq. (2.35), n = −7/2. From Eqs. (3.2) and (3.3), we also find that the metric in the Einstein frame is expressed as 11) whereâ t is the scale factor in the scalar field theory given bŷ a t =ât
For n = −7/2, because when t → t s ,t → ∓∞, it follows from Eq. (3.12) that the scale factor in the scalar field theoryâ t diverges at infinite time.
Consequently, the 'finite-time' Big Rip singularity in F (R) gravity, i.e., in the Jordan frame, becomes the 'infinite-time' one in the corresponding scalar field theory obtained through the conformal transformation of the theory of F (R) gravity, namely, in the Einstein frame. This shows the physical difference of late-time cosmological evolutions between the theory of F (R) gravity and the corresponding scalar field theory, which are mathematically equivalent theories.
IV. RELATIONS BETWEEN SCALAR FIELD THEORIES AND THE CORRE-SPONDING THEORIES OF F (R) GRAVITY
In this section, following the considerations in Refs. [47, 49] , we investigate the relations between scalar field theories and the corresponding transformations to F (R) gravity.
The action of scalar field theories in the Einstein frame is given by
Here, in the non-phantom phase the sign of the kinetic term is −, while in the phantom one that is +.
To study the corresponding theories of F (R) gravity, we make the inverse conformal transformation of the action of the scalar field theories (4.1). In the non-phantom phase, we use the inverse conformal transformation [49] in order to vanish the kinetic term of χ
As a consequence, the action in the Jordan frame for the non-phantom phase is given by
3)
The scalar field χ is just an auxiliary field and can be expressed in terms of the scalar curvature as χ = χ(R) by solving the equation of motion of χ:
Similarly, in the phantom phase we use the complex conformal transformation [47] in order to vanish the kinetic term of χ
As a result, the action in the Jordan frame for the phantom phase is given by
The equation of motion of χ is given by
This equation can be solved with respect to χ as χ = χ(R).
In general, scalar field theories describing the non-phantom (phantom) phase can be represented as the theories of real (complex) F (R) gravity through the inverse (complex) conformal transformation [47, 49] . We note that the consideration of this section can be applied to not only the model in Eq. (2.18) but also to any other scalar field theories with/without the crossing of the phantom divide: e.g., the case in which the Hubble rate is given by Eq. (B4). In Appendix D, we examine the more detailed relation between the scalar field theories with realizing a crossing of the phantom divide and the corresponding theories of F (R) gravity.
V. MODEL OF F (R) GRAVITY WITH THE TRANSITION FROM THE DE SIT-TER UNIVERSE TO THE PHANTOM PHASE
In this section, we reconstruct a model of F (R) gravity in which the transition from the de Sitter universe to the phantom phase can occur by using the method explained in Sec. II A.
A. Reconstruction of the viable F (R) gravity
The interesting viable model is proposed in Ref. [36] . It is known that the above model is a very realistic modified gravitational theory that evade solar-system tests, which was mentioned also in Ref. [50] . As shown in the above reference [36] , this model could reproduce the viable cosmic expansion, correctly describing the phases before dark energy epoch. Hence our universe is asymptotically de Sitter space. The form of the model in Ref. [36] and its generalization is presented in Appendix E.
As an example realizing the transition from the de Sitter universe to the phantom phase, we can consider the following form of the Hubble rate:
where g 0 , g 1 and t s are positive constants. When t → −∞, H goes to a constant H → g 0 .
Hence the universe is asymptotically de Sitter space. On the other hand, when t → t s , the second term on the right-hand side of Eq. (5.1) dominates and H behaves as H ∼ g 1 / (t s − t).
It follows fromḢ ∼ g 1 / (t s − t) 2 > 0 and Eq. (2.24) that w eff < −1, namely, the universe enters the phantom phase. Then there appears the Big Rip singularity at t = t s . For the case of Eq. (5.1), R is given by
We consider the case in which the contribution from matter could be neglected. We take into account it later. Eq. (5.1) shows
where we have taken φ = t. Substituting Eq. (5.3) into Eq. (2.11), we obtain
The solution is given by
where 
In Eqs. (5.5) and (5.7), because we take φ = t, z = g 0 (t − t s ).
It follows from Eq. (5.2) that when t → −∞, namely, in de Sitter phase, R becomes constant as R ∼ 12g 2 0 . On the other hand, when t → t s , R ∼ 6g 1 (2g 1 + 1) / (t s − t) 2 . Using this relation and z = g 0 (t − t s ), we find
In the limit of t → t s , |z| ≪ 1 because R diverges. Expanding the Kummer functions in Eqs. (5.5) and (5.7) and taking the first leading order in z, from Eqs. (2.4) and (5.8) we find that the form of F (R) in this limit is approximately expressed as
Next, we study the case in which there exists the matter. We consider the cold dark matter with w = 0. We numerically solve Eq. (2.11) with the cold dark matter. To execute this, for simplicity, we set t s g 0 = g 1 in Eq. (5.1). We show the behavior of F (R)/ (2κ 2 ) in Fig. 2 . From Fig. 2 , we see that F (R) increases in terms ofR. The detailed explanation of the numerical calculations is given in Appendix F.
B. Addition of a non-local term to the viable modified gravity models
It seems very difficult in the framework of F (R) gravity to construct a model generating the transition from de Sitter space to the phantom phase in the viable model of the previous sub-section. One may add any term, which is a function of R, to such models. The term should be small in the present universe and may be small even in the past universe, where the curvature could be large. Hence the term should dominate only at small curvature, that is, smaller one than the present curvature. In the asymptotically-de Sitter model above, however, the present universe is asymptotic de Sitter space, where the curvature is (almost) constant. Thus, the curvature cannot become smaller than the order of the curvature in the present universe and the added term never dominates.
Let us add a non-local term to any model from Ref. [37] by using a proper function K: 10) where m is a positive constant. In the de Sitter universe where the curvature and the Hubble rate are constant R = R 0 , H = H 0 , we find 11) where c 4 and c 5 are constants of the integration. For large t, we find
If we choose K to be a slowly increasing function, δf dominates in the future. If K is slowly varying function and could be regarded to be a constant, the total F (R) behaves as 13) whenh 0 < 0. Here,h 0 is a constant.
Alternatively, the addition of an extra scalar field may bring the evolution to the phantom era. This is because such terms can become larger at the constant curvature and hence may induce such a crossing in realistic models.
At present, it is not so clear if such non-local models could be variable or not due to technical problems, but this model has a possibility to explain the complicated cosmic expansion, especially the coincidence problem. We now consider the models including such non-local terms to show the generality of our method.
We remark that as shown in Ref. [26] , such a theory may successfully pass the solar system tests, and that as demonstrated in Ref. [25] , such non-local models may correctly reproduce the whole expansion history of the universe expansion, at least in their equivalent scalar-tensor form.
VI. STABILITY UNDER A QUANTUM CORRECTION
In this section, we examine the stability for the obtained solutions of the crossing of the phantom divide under a quantum correction of massless conformally-invariant fields. It is convenient to do it by taking account of conformal anomaly induced effective pressure and energy-density. Note that we do not discuss the quantum regime of modified gravity itself because it is relevant at strong curvature (near to the Planck scale) where the form of modified gravity may be quite different from the one at the late universe.
Quantum effects produce the conformal anomaly:
Here F : the square of 4d Weyl tensor, G : Gauss-Bonnet invariant, which are given as
In the FRW background (2.6), we find
For N real scalar, N 1/2 Dirac spinor, N 1 vector fields, N 2 (= 0 or 1) gravitons and N HD higher derivative conformal scalars, can be given by the effective energy density ρ A and pressure p A from the conformal anomaly as 6.5) and ρ A and p A satisfy the conservation law, 6) we find
On the other hand, Eqs. (C6) and (C7) give the effective energy density ρ F and pressure (6.8) We now investigate the magnitude of ρ A , p A , ρ F , and p F when the phantom crossing occurs, whenḢ = 0. We assume the magnitude of the Hubble rate H could be the order of the present Hubble constant H 0 :
Expressions on (6.7) tells that we may assume ρ A ∼ p A ∼ T A . Then we find
Here C is a dimensionless constant coming from b, b ′ , b ′′ , and numerical constants and therefore C ∼ 10 2∼3 . On the other hand, expressions in (6.8) tell that we may assume
Since f (R) plays the role of the effective cosmological constant, we also assume f (R) ∼ H 2 0 and we find
Since 1/κ ∼ 10 28 eV, we find (6.12) Therefore the quantum correction could be small when the phantom crossing occurs and the obtained solutions of the phantom crossing in this paper could be stable under the quantum correction. We should note that the quantum correction becomes important near the Big Rip singularity, where the curvature becomes very large.
VII. CONCLUSION
In the present paper, we have considered a crossing of the phantom divide in modified gravity. We have reconstructed an explicit model of modified gravity in which a crossing of the phantom divide can occur by using the reconstruction method proposed in Ref. [33] . As a result, we have shown that the (finite-time) Big Rip singularity appears in the reconstructed model of modified gravity (i.e., in the Jordan frame), whereas that in the corresponding scalar field theory obtained through the conformal transformation (i.e., in the Einstein frame) the singularity becomes the infinite-time one. Furthermore, we have investigated the relations between scalar field theories with realizing a crossing of the phantom divide and the corresponding modified gravitational ones by using the inverse conformal transformation of scalar field theories. It has been demonstrated that the scalar field theories describing the non-phantom phase (phantom one with the Big Rip singularity) can be represented as the theories of real (complex) F (R) gravity through the inverse (complex) conformal transformation. Moreover, taking into account the fact that in the viable models [36, 37, 38] , which are very realistic modified gravities that evade solar-system tests, our universe is asymptotically de Sitter space, we have also proposed a model of modified gravity in which the transition from the de Sitter universe to the phantom phase can occur. We have found that
to construct a viable model generating the transition from de Sitter space to the phantom phase, additional non-local term or almost equivalent scalar field is necessary. It would be interesting to reconsider this problem in the presence of ideal fluid matter. In addition, we have examined the stability for the obtained solutions of the crossing of the phantom divide under a quantum correction coming from conformal anomaly.
The study of the future evolution of the universe as discussed in this paper may be important to understand whether our universe evolves eternally or it will enter into the finite-time singularity. Additionally, this may shed extra light to some specific properties of different dark energy models and may help in selecting correct descriptions for the dark side of the universe.
The originality of this work is to reconstruct an explicit model of modified gravity in which a crossing of the phantom divide can be realized. This is the point beyond the already existing literature. We have demonstrated that in principle the crossing of the phantom divide can occur at the present time or in the near future in the framework of modified gravity without introducing any extra scalar components with the wrong kinetic sign such as a phantom. This corresponds to the proof that the crossing of the phantom divide is possible also for modified gravity theories, which seem to be much less pathologic than the usual phantom scalar models of dark energy, similar to the scalar field theories in the framework of general relativity. The demonstration in this work can be regarded as a significant step to construct a more realistic model of modified gravity to correctly describe the expansion history of the universe.
APPENDIX A: NOTE ON THE RECONSTRUCTION METHOD
In this appendix, we note the following point on the reconstruction method explained in Sec. II A.
In the action (2.2), if we redefine the auxiliary scalar field φ by φ = Φ(ϕ) by using a proper function Φ, and defineP (ϕ) ≡ P (Φ(ϕ)) andQ(ϕ) ≡ Q(Φ(ϕ)), the action
is equivalent to the action (2.2) because this gives identical F (R) gravity. This can be explicitly confirmed as follows. First we should note that Eq. (2.3) is modified as
Then we can solve ϕ with respect to R by
Here, ϕ is the inverse function of Φ. Hence the obtainedF (R), corresponding to (2.4), is
Thus the obtained F (R) could be identical. Consequently, there are always ambiguities for the choice in φ like a gauge symmetry. In the FRW universe, we now assume that we have solved the F (R)-gravity theory and obtained R as a function of time t as R = R(t). Then φ can be expressed as a function of t, φ =φ(t), by a proper functionφ. If we redefine a scalar field by ϕ =φ −1 (φ) by using the inverse functionφ −1 ofφ, we obtain ϕ = t. Hence we can always, at least locally, identify φ with time t, φ = t, which can be interpreted as a gauge condition corresponding to the reparameterization of φ = φ(ϕ).
There could be several cases that we cannot construct F (R). One possibility is that the differential equation (2.11) has no consistent solution. Another possibility could be the case that the algebraic equation (2.3) has no solution for obtained P and Q (for example, P and/or Q is a constant). We start with Eq. (2.11) without matter:
By redefining P (φ) as Eq. (2.13), Eq. (B1) is rewritten to
We now consider the model Eq. (2.14) . In this case, Eq. (B2) is reduced to
which can be solved as Eq. (2.15).
We mention the following point about the form ofg(φ) in Eq. (2.14) . From Eq. (2.19), we see that as the universe evolves, the sign ofḢ has to change in time so that a crossing (2.20) is to obtain the solution analytically.) As another form of the Hubble rate realizing a crossing of the phantom divide, there is the following model [15] :
where h 0 is a positive constant. It has been shown that this cosmology can be constructed in terms of multiple scalar field theories [15] . This form also consists of two terms in t. In
It follows from Eq. (2.19) that when t < t s /2, H < 0 and hence the universe is in non-phantom phase (w eff > −1), but that when t > t s /2, H > 0 and thus the universe is in phantom phase (w eff < −1). It is not hard to formulate the explicit model of modified gravity with the above type of the crossing of the phantom divide.
APPENDIX C: DERIVATION OF THE CORRESPONDING SCALAR FIELD THEORY
In this appendix, we derive the expression of the action (3.4) .
It follows from the action (3.1) that the equation of motion of the other auxiliary field ζ is given by
where the prime denotes differentiation with respect to ζ. Substituting Eq. (C1) into Eq. (3.1) and eliminating ξ from Eq. (3.1), we find
We make the conformal transformation (3.2) with Eq. (3.3) of the action (C2). Consequently, the action in the Einstein frame is given by [39, 48] 
andĝ is the determinant ofĝ µν . In deriving Eqs. (C3) and (C4), we have used Eq. (3.3) . In addition, ζ(σ) in Eq. (C4) is obtained by solving Eq. (3.3) with respect to ζ as ζ = ζ(ϕ). By defining ϕ as ϕ ≡ 3/2σ/κ, the action (C3) is reduced to the form of the canonical scalar field theory (3.4) .
From the action (2.1), we find that the gravitational field equation is given by
When there is no matter, in the FRW background (2.6) the (µ, ν) = (0, 0) component and the trace part of the (µ, ν) = (i, j) component of Eq. (C5), where i and j run from 1 to 3, are given by
and
respectively. Using Eqs. (C6) and (C7), it follows
APPENDIX D: CORRESPONDENCE BETWEEN THE SCALAR FIELD THE-
ORIES AND F (R) GRAVITIES
In this appendix, we explore the scalar field theories with realizing a crossing of the phantom divide in the Einstein frame and consider the behavior of the corresponding theories of F (R) gravity.
Scalar field theories
where ω (Φ) is a functions of the scalar field Φ and W (Φ) is the potential of Φ.
In the FRW background (2.6), the Einstein equations are given by
where the energy density ρ Φ of the scalar field Φ and the pressure p Φ of it are given by
respectively. Using equations in (D2) and (D3), we obtain
It is the interesting case that ω (Φ) and W (Φ) are defined in terms of a single function
Thus we can find the solutions
In what follows, we consider the case in which these solutions are satisfied.
If we define a new scalar field χ as
the action (D1) can be rewritten to the form in Eq. (4.1), where the sign in front of the kinetic term depends on that of ω (Φ). If the sign of ω (Φ) is positive (negative), that of the kinetic term is − (+). In the non-phantom phase, the sign of the kinetic term is always −, and in the phantom one it is always +. In principle, it follows from Eq. (D9) that Φ can be solved with respect to χ as Φ = Φ(χ). Hence, the potentialW (χ) is given bỹ
In the case of the model explained in Sec. II B, it follows from Eq. (2.18) that I (Φ) is given by
From the solutions in (D8), we find that Eq. (D10) gives
In deriving the expressions in (D10) and (D11), we have used Eq. (2.17) . In this case, from Eqs. (D6), (D7) and (D9) we find
W (χ) = 10
As shown in Sec. II B, when t < t c ,Ḣ < 0 (non-phantom phase) and it follows from Eq. (D4) that ω > 0. In the non-phantom phase, the sign of the kinetic term in the action (4.1) is −. On the other hand, when t > t c ,Ḣ > 0 (phantom phase) and from Eq. (D4) we see that ω < 0. In the phantom phase, the sign of the kinetic term in the action (4.1) is +.
When t = t c , ω = 0 and the transition from non-phantom phase to phantom one occurs [41] .
Corresponding theories of F (R) gravity
We investigate the behavior of the modified gravity (4.8) in the limit of t → t s for the case in which the potentialW (χ(R)) is given by Eq. (D14). If the scalar field χ is real, it follows from Eq. (4.9) that the scalar curvature R is not always real. In order for R to be real, the following condition should be satisfied [47] :
This condition is reduced to is rewritten to
which tells that R is real. In fact, however, that the action (4.1) with the + sign of the kinetic term is reduced to [47] 
This action corresponds to the non-phantom (canonical) theory. As a consequence, if the scalar field theory describes the phantom phase with the Big Rip singularity, the corresponding theory of F (R) gravity is usually complex. (Note that counterexample is known [47] , but even in this case, when t → t s , the modified gravity becomes complex.) When t → t s , from Eq. (D14)W (χ) diverges and hence F P (R) also diverges.
In the Einstein frame, the scalar field couples with matter and therefore, the frame could be unphysical. The coupling changes the scale of time interval. We usually measure the time by using electromagnetism. In the limit of neglecting the local gravity, the measured time corresponds to the cosmological time in the Jordan frame but not in the Einstein frame.
APPENDIX E: EXAMPLES OF VIABLE F (R) GRAVITY MODELS
In this appendix, we show examples of viable F (R) gravity models.
The modified part in F (R) in the action (2.1) can be separated as
where f (R) is an arbitrary function of the scalar curvature R. The interesting viable model proposed in Ref. [36] is given by
where c 2 and c 3 are dimensionless constants, p is a positive constant, andM denotes a mass scale. In this model, when R/M 2 → ∞, f HS (R) ∼ −M 2 c 2 /c 3 = const.
The generalizations of the above model which admits the unification of early-time inflation with late-time acceleration (with intermediate radiation/matter dominance) have been proposed in Ref. [37] . The example of such a theory is given by
where α 0 , α I , b 0 and b I are constant, and R 0 and R I are constant scalar curvatures. We note that such a theory may correctly describe the whole expansion history of the universe qualitatively: inflation, radiation/matter dominance and dark energy, as it has been explained in Ref. [39] .
APPENDIX F: NUMERICAL CALCULATIONS WITH THE MATTER
In this appendix, for the case Eq. (5.1) with t s g 0 = g 1 , we explain the numerical calculations of Eq. (2.11) with the matter in detail.
We defineg 0 ≡ t s g 0 and Y ≡ 1 − X with X ≡ t/t s . From Eqs. (2.10) and (5.1) with t s g 0 = g 1 , H = dg(t)/ (dt) and R = 6 Ḣ + 2H 2 , we obtaiñ 
In what follows, we use the lower sign in Eq. (F4).
For simplicity, we consider the case in which there exists a matter with a constant EoS parameter w = p/ρ. 
respectively. Here,ρ corresponds to the present energy density of the matter. In particular,
we use the present value of the cold dark matter with w = 0 forρ, i.e.,ρ = 0.233ρ c [2] , where ρ c = 3H 
To examine F (R), we numerically solve Eqs. (F5)-(F7).
In Fig. 3 , we depict P (R) and Q(R)/ν 2 as functions ofR. The range ofR is given by 30 ≤R ≤ 1000, corresponding to 0 < X = t/t s < 1. Here, we have taken the initial 
